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In this paper we generalize the concept of an effective ∆m2ee for νe/ν¯e disappearance experiments,
which has been extensively used by the short baseline reactor experiments, to include the effects
of propagation through matter for longer baseline νe/ν¯e disappearance experiments. This gener-
alization is a trivial, linear combination of the neutrino mass squared eigenvalues in matter and
thus is not a simple extension of the usually vacuum expression, although, as it must, it reduces
to the correct expression in the vacuum limit. We also demonstrated that the effective ∆m2ee in
matter is very useful conceptually and numerically for understanding the form of the neutrino mass
squared eigenstates in matter and hence for calculating the matter oscillation probabilities. Finally
we analytically estimate the precision of this two-flavor approach and numerically verify that it is
precise at the sub-percent level.
I. INTRODUCTION
Since the discovery that neutrinos oscillate [1, 2]
tremendous progress has been made in understanding
their properties. The oscillation parameters are all either
well-measured or will be with the advent of next genera-
tion experiments. As the final parameters are measured,
precision in the neutrino sector becomes more important
than ever.
In vacuum, an effective two-flavor oscillation picture
was presented in [3] for calculating the νe → νe disap-
pearance probability which introduced an effective ∆m2,
∆m2ee ≡ cos2 θ12∆m231 + sin2 θ12∆m232 , (1)
which precisely and optimally determines the shape of
the disappearance probability around the first oscillation
minimum. That is, even in the three favor framework,
for νe disappearance in vacuum (P0), the two-flavor ap-
proximation
P0(νe → νe) : ≈ 1− sin2 2θ13 sin2 ∆ee, (2)
where ∆ee ≡ ∆m2eeL/(4E) ,
is an excellent approximation at least over the first os-
cillation. ∆m2ee has been widely used by the short base-
line reactor experiments, Daya Bay [4] and RENO [5] in
their shape analyses around the first oscillation minimum
and will be precisely measured to better than 1% in the
medium baseline JUNO [6] experiment.
The matter generalization of the three-flavor νe dis-
appearance probability in matter (Pa) can also be ade-
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quately approximated by a two-flavor disappearance os-
cillation probability in matter
Pa(νe → νe) ≈ 1− sin2 2θ13
(
∆m2ee
∆m̂2ee
)2
sin2 ∆̂ee , (3)
where ∆̂ee ≡ ∆m̂2eeL/(4E) ,
and x̂ denotes the exact matter version of a variable and
is a function of the Wolfenstein matter potential [7]. This
new ∆m̂2ee would be the dominant frequency, over the
first few oscillations, for νe disappearance at a potential
future neutrino factory [8] in the same way that ∆m2ee is
for short baseline reactor experiments. As we will find in
section II,
∆m̂2ee ≡ m̂23 − (m̂21 + m̂22)
− [m23 − (m21 +m22)] + ∆m2ee (4)
satisfies all of the necessary criteria to describe νe disap-
pearance in matter in the approximate two-flavor picture
of eq. 3 above and trivially reproduces eq. 1 in vacuum.
We will also discuss an alternate expression ∆m̂2EE
which numerically behaves quite similarly, but is some-
what less useful analytically.
The layout of this paper is as follows. In section II we
define the matter version of ∆m2ee denoted ∆m̂
2
ee. We
review the connection between the three-flavor and two-
flavor expressions in section III which naturally leads to a
slightly different expression dubbed ∆m̂2EE . In section
IV we show how the natural definition of ∆m̂2ee matches
the expression given from a perturbative description of
oscillation probabilities. We analytically and numerically
show that both expressions are very close in section V.
We perform the numerical and analytical calculations to
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FIG. 1. Upper panel: the eigenvalues as a function of energy
for ρ = 3 g/cc and the NO. Positive energies refer to neutrinos
while negative energies refer to anti-neutrinos; E = 0 refers
to the vacuum. The νe content of each eigenvalue is shaded in
orange, while the νµ and ντ content is shaded in black. The
magenta (cyan) arrows indicate how ∆m̂2ee (∆m̂221) changes
with energy. Lower panel: the νe content of each mass eigen-
state, |Ûei|2, as a function of neutrino energy.
show the precision of this definition of ∆m̂2ee compared
with other definitions of ∆m2ee in matter in section VI.
Finally, we end with our conclusions in section VII, and
some details are included in the appendices.
II. DEFINING ∆m̂2ee IN MATTER
In this section we create a qualitative picture to derive
the ∆m̂2ee presented in the previous section. We then
verify that it passes the necessary consistency checks.
Figure 1 gives the neutrino mass squared eigenvalues
in matter, m̂2i, as a function of the neutrino energy as
well as the value of their electron neutrino content, |Ûei|2.
Neutrinos (anti-neutrinos) are positive (negative) energy
in this figure and vacuum corresponds to E = 0. From
the νe content, it is clear that for energies greater than a
few GeV that ∆m̂232 will dominate the L/E dependence
of νe disappearance and similarly ∆m̂231 will dominate
for energies less than negative, a few GeV, that is,
∆m̂2ee =
{
m̂23 − m̂21, a/∆m221  −1
m̂23 − m̂22, a/∆m221  1
, (5)
where a = 2
√
2EGFNe is the matter potential, GF is
Fermi’s constant, Ne is the electron density, and the
m̂2i/2E are the exact eigenvalues which are calculated
in [9], see also appendix A. This is independent of mass
ordering.
We note that m̂22 and m̂21 are approximately constant
for a/∆m221  −1 and a/∆m221  1, respectively. This
suggests defining ∆m̂2ee as follows
1:
∆m̂2ee ≡ m̂23 − (m̂21 + m̂22 −m20) , (6)
where m20 ≡ m̂22(a = −∞) = m̂21(a = +∞)
= ∆m221c
2
12 (7)
using the (convention dependent) asymptotic values for
the eigenvalues shown in Table I. By construction, this
reproduces eq. 5 for |a/∆m221|  1 and is applicable for
both mass orderings. The sign of ∆m̂2ee determines the
mass ordering.
It is also useful to note that m20 can be written as
m20 = ∆m
2
ee − [m23 − (m21 +m22)] . (8)
Then, as suggested by eq. 4, ∆m̂2ee can also be written
in the following simple and easy to remember form,
∆m̂2ee−∆m2ee = (m̂23−m23)−(m̂21−m21)−(m̂22−m22) ,
(9)
where recovery of the vacuum limit is manifest. In the
following sections we will address in more detail why the
definition of eq. 4 works for all matter potentials includ-
ing |a/∆m221|  1.
Here we will use eq. 4 to re-write the m̂2i’s in matter as
a function of the two relevant ∆m̂2’s: ∆m̂2ee and ∆m̂221.
By properties of the trace of the Hamiltonian2, we have
m̂23 + m̂22 + m̂21 = ∆m
2
31 + ∆m
2
21 + a . (10)
Then together with eq. 6 above
m̂23 = ∆m
2
31 +
1
2
a+
1
2
(∆m̂2ee −∆m2ee) ,
m̂22 + m̂21 = ∆m
2
21 +
1
2
a− 1
2
(∆m̂2ee −∆m2ee) . (11)
We make the typical definition ∆m̂221 ≡ m̂22−m̂21, then
m̂21 =
1
4
a− 1
4
(∆m̂2ee −∆m2ee)
− 1
2
(∆m̂221 −∆m221)
m̂22 = ∆m
2
21 +
1
4
a− 1
4
(∆m̂2ee −∆m2ee)
+
1
2
(∆m̂221 −∆m221)
m̂23 = ∆m
2
31 +
1
2
a+
1
2
(∆m̂2ee −∆m2ee) , (12)
1 Note that m20 is identical to λb = λ0 from [10].
2 Explicitly, in the flavor basis we have that 2E tr(H) =
tr(UMU† + A) = tr(UU†M) + tr(A) = ∆m231 + ∆m
2
21 + a.
In the matter basis the trace of the Hamiltonian is 2E tr(H) =
tr(ÛM̂Û†) = tr(ÛÛ†M̂) =
∑
i m̂
2
i.
3a→ −∞ a = 0 a→ +∞
m̂23 ∆m
2
eec
2
13 + ∆m
2
21s
2
12 ∆m
2
31 a+ ∆m
2
ees
2
13 + ∆m
2
21s
2
12
m̂22 ∆m
2
21c
2
12 ∆m
2
21 ∆m
2
eec
2
13 + ∆m
2
21s
2
12
m̂21 a+ ∆m
2
ees
2
13 + ∆m
2
21s
2
12 0 ∆m
2
21c
2
12
TABLE I. The mass squareds in matter for various limits of a
in the NO. See eqs. 5.3-5.4 of [11] or Table 4 of [10]. Adding
the same constant to all entries in this table, does not effect
oscillation physics. Our convention is that in vacuum m21 = 0.
which implies
∆m̂231 = ∆m
2
31 +
1
4
a+
3
4
(∆m̂2ee −∆m2ee)
+
1
2
(∆m̂221 −∆m221) (13)
∆m̂232 = ∆m̂231 −∆m̂221 .
We can also use ∆m̂2ee to estimate ∆m̂221 except near
a ≈ 0. For |a/∆m221|  1, either m̂22 = m20 or m̂21 =
m20. Then,
∆m̂221 ≈ |m̂22 + m̂21 − 2m20|
≈ ∆m221
∣∣ a12/∆m221 − cos 2θ12 ∣∣
+O(∆m221) , (14)
where we have made the natural definition,
a12 ≡ 1
2
(a+ ∆m2ee −∆m̂2ee) (15)
as the effective matter potential for the 12 sector as was
used in [12]. For this derivation eq. 11 is needed.
The asymptotic eigenvalues in Table I, can also be used
to obtain a simple approximate expression for ∆m̂2ee,
when |a|  ∆m2ee:
∆m̂2ee ≈ ∆m2ee
∣∣a/∆m2ee − cos 2θ13∣∣ . (16)
These two asymptotic expressions for ∆m̂2ee and
∆m̂221, eqs. 16 and 14 respectively, which were ob-
tained with only general information of the neutrino mass
squareds in matter here, will be compared to the expres-
sions obtained using the approximations of [11] & [10] in
section IV.
III. THREE-FLAVOR TO TWO-FLAVOR
Instead of studying the asymptotic behavior of ∆m̂2ee,
we instead focus on explicitly connecting the three-
flavor expression with the two-flavor expression. The ex-
act three-flavor νe disappearance probability in matter
Pa(νe → νe) is given by
1− Pa = 4|Ûe3|2
[
|Ûe1|2 sin2 ∆̂31 + |Ûe2|2 sin2 ∆̂32
]
+ 4|Ûe1|2|Ûe2|2 sin2 ∆̂21
= sin2 2θ̂13
[
c2
1̂2
sin2 ∆̂31 + s
2
1̂2
sin2 ∆̂32
]
+ c4
1̂3
sin2 2θ̂12 sin
2 ∆̂21 , (17)
where we have used sij = sin θij and cij = cos θij . As
was shown in [13], eq. 17 can be rewritten without ap-
proximation, as
1− Pa(νe → νe) = c41̂3 sin2 2θ̂12 sin2 ∆̂21
+
1
2
sin2 2θ̂13
[
1−
√
1− sin2 2θ̂12 sin2 ∆̂21 cos(2∆̂EE + Ω̂)
]
,
(18)
where Ω̂ = arctan(cos 2θ̂12 tan ∆̂21) − ∆̂21 cos 2θ̂12 and
∆m̂2EE is a new frequency defined by
∆m̂2EE ≡ cos2 θ̂12∆m̂231 + sin2 θ̂12∆m̂232 . (19)
For |E| greater than a few GeV, ∆m̂221  ∆m221
(see fig. 1) and therefore θ̂12 ≈ 0 or pi/2, which makes√
1− sin2 2θ̂12 sin2 ∆̂21 ≈ 1 and Ω̂ ≈ 0. Hence,
1− Pa(νe → νe) ≈ sin2 2θ̂13 sin2 ∆̂EE ,
in agreement with eq. 3 in this energy range3. Also in
this energy region, it is clear that4
∆m̂2EE ≈
{
∆m̂231, a ∆m221
∆m̂232, a ∆m221 .
(20)
Using the explicit results from [9], it is simple to show,
without approximation, that
∆m̂2EE =
(m̂23 − m̂2a)(m̂23 − m̂21)(m̂23 − m̂22)
(m̂23)2 − m̂23m̂2a − β + m̂21m̂22
,
(21)
where
β ≡ ∆m2eec213∆m221c212 = m̂21m̂22m̂23/a
m̂2a ≡ a+ ∆m2ees213 + ∆m221s212 .
3 Note sin2 2θ̂13 > ĉ 413 sin
2 2θ̂12 except when |E| < 1.1 GeV, see
fig. 6. We take ρ = 3 g/cc throughout the article.
4 This statement is made under the assumption that θ̂12 → pi/2
(0) as a → ∞ (−∞). In fact, there is a small correction to this
assumption. In this limit, sin2 θ̂12 = 1 − O(′2) where ′2 <
3× 10−4, [14].
4Note5 that m̂23(a → ∞) → m̂2a and m̂21(a → −∞) →
m̂2a.
In the low energy limit, when |m̂23|  |m̂2j | for j =
(1, 2, a), a first order perturbative expansion in m̂2j/m̂23
gives
∆m̂2EE ≈ m̂23 − (m̂21 + m̂22 −m20), (22)
consistent with our previous definition, eq. 6. In fact,
∆m̂2ee and ∆m̂2EE differ by less than < 0.3% for all
values of matter potential.
In vacuum (E = 0), it is known that eq. 2 is an ex-
cellent approximation over the first couple of oscillations
see e.g. [15], further verifying the use of this two-flavor
approximation. The analysis of this paper can be triv-
ially extend away from vacuum region using the matter
oscillation parameters.
IV. RELATION TO DMP APPROXIMATION
While eq. 6 is a compact expression that behaves as
we expect ∆m̂2ee ought to, it is not simple due to the
complicated expressions for the eigenvalues, in particular
the cos( 13 cos
−1 . . . ) part of each eigenvalue, see appendix
A. In order to both verify the behavior of ∆m̂2ee for
|a/∆m2ee|  1 and provide an expression that is simple
we look to approximate expressions of the eigenvalues.
In refs. [11], [10] & [12] (DMP) simple, approximate,
and precise analytic expressions were given for neutrino
oscillations in matter. In the DMP approximation6
through zeroth order, the definition of ∆m̂2ee given in
eq. 6 can be shown to be
∆m̂2ee ≈ m˜23 − (m˜21 + m˜22 −m20) ≡ ∆m˜2ee ,
= cos2 θ˜12∆m˜231 + sin
2 θ˜12∆m˜232 , (23)
= ∆m2ee
√
(cos 2θ13 − a/∆m2ee)2 + sin2 2θ13 ,
where θ˜12 and θ˜13 are excellent approximations for
the matter mixing angles θ̂12 and θ̂13 and ∆m˜231 and
∆m˜232 are the corresponding approximate expressions
for ∆m̂231 and ∆m̂231 from [10] and reproduced in
appendix B below7. The approximation has correc-
tions to the eigenvalues of O(′2) where ′ = sin(θ˜13 −
5 Also note that m̂2a is identical to λa from [10].
6 In the notation of DMP, ∆m˜2ee ≡ ∆λ+− = cos2 ψ∆λ31 +
sin2 ψ∆λ32, see eq. A.1.7 of [10]. Also, θ˜12 = ψ and m˜2i = λi
in DMP; see [12].
7 The notation is such that while both x̂ and x˜ are quantities in
matter, x̂ denotes the exact quantity and x˜ denotes the zeroth
order approximation from DMP, and x˜ is an excellent approxi-
mation for x̂.
θ13)s12c12∆m
2
21/∆m
2
ee. |′| < 0.015 and is equal to zero
in vacuum. Equation 23 provides a very simple means
to modify the vacuum ∆m2ee to get the corresponding
expression in matter.
In the DMP approximation, all three expressions,
eq. 23, for ∆m˜2ee can be shown to be analytically iden-
tical. This is however not true for the exact eigenvalues
and mixing angles in matter, there are small differences
between these expressions (quote fractional differences.).
We use the first line of eq. 23 for our definition ∆m2ee
in matter, because this definition allows us a general un-
derstanding of the three neutrino eigenvalues in matter
(see eqs. 12 and 13). We now verify that this definition
of ∆m2ee in matter meets all the other criteria we need
it to.
First we see that by using the DMP zeroth order ap-
proximation, ∆m˜2ee is just the matter generalization
of the vacuum expression, ∆m2ee = cos
2 θ12∆m
2
ee +
sin2 ∆m232 and provides a connection to why the defi-
nition of eq. 6 works for |a/∆m221| < 1 also.
Asymptotically, as |a/∆m2ee|  1, in this approxima-
tion scheme
∆m˜2ee → ∆m2ee
∣∣a/∆m2ee − cos 2θ13∣∣ , (24)
in agreement with eq. 16.
Similarly for ∆m˜221, from DMP
∆m˜221 = ∆m
2
21
[
(cos 2θ12 − a˜12/∆m221)2
+ sin2 2θ12 cos
2(θ˜13 − θ13)
]1/2
, (25)
where a˜12 ≡ (a+ ∆m2ee −∆m˜2ee)/2 and
cos2(θ˜13 − θ13) = ∆m˜
2
ee + ∆m
2
ee − a cos 2θ13
2∆m˜2ee
. (26)
Asymptotically, |a/∆m221|  1, we have
∆m˜221 →
∣∣∣∣∆m221 cos 2θ12 − 12 (a+ ∆m2ee −∆m˜2ee)
∣∣∣∣ ,
(27)
again in agreement with eq. 14. So everything discussed
in section II is consistent with the simple and compact
DMP approximation.
In the next section we will analytically and then nu-
merically show that the fractional difference between the
two expressions, ∆m˜2ee and ∆m˜2EE , are small.
V. COMPARISON OF THE TWO
EXPRESSIONS
As previously shown the vacuum ∆m2ee can be written
in two equivalent ways,
∆m2ee = c
2
12∆m
2
31 + s
2
12∆m
2
32 ,
= m23 −m21 −m22 +m20 .
5The two expressions can be seen as two choices for the
how to relate these to the matter version: one is to ele-
vate each eigenvalue to its matter equivalent (everything
except m20) and the other is to elevate each term includ-
ing the mixing angles. We refer to the former as ∆m̂2ee
and the latter as ∆m̂2EE .
To understand how these expressions differ, we care-
fully examine their difference,
∆Ee ≡ ∆m̂2EE −∆m̂2ee = m̂21 + c21̂2∆m̂221 − c212∆m221 .
(28)
We now quantify the difference between these expressions
using DMP. If both expressions provide good approxima-
tions for the two flavor frequency in matter then the dif-
ference between them should be small. At zeroth order
the difference is
∆
(0)
Ee = m˜
2
1 + c
2
1˜2
∆m˜221 − c212∆m221 = 0 , (29)
so these expressions are exactly equivalent at zeroth or-
der.
At first order the eigenvalues receive no correction, but
θ˜12 does. From [14] we have that the first order correction
is
θ˜
(1)
12 = −′∆m2eet1˜3
(
s2
1˜2
∆m˜231
+
c2
1˜2
∆m˜232
)
, (30)
where tij = tan θij . This leads to a correction of,
∆
(1)
Ee = t1˜3s
2
12c
2
12 sin 2θ13a
(∆m221)
2
∆m˜232∆m˜231
. (31)
As expected ∆Ee ∝ a for small a. Also, we can verify
that ∆Ee/∆m̂2ee is always small by seeing that a/∆m̂2ee
remains finite and the only case where t1˜3 ∝ a for a→∞,
but ∆m˜232∆m˜231 ∝ a2, thus the difference between the
two expressions is always small.
∆
(1)
Ee provides an adequate approximation of the differ-
ence between ∆m̂2ee and ∆m̂2EE as shown in fig. 2. A
precise estimate of the difference requires the second or-
der correction to θ˜12 given explicitly in [14] along with the
second order corrections to the eigenvalues from DMP.
This is because this difference ∆Ee depends strongly on
the asymptotic behavior of θ˜12 which only becomes pre-
cise beyond the atmospheric resonance at second order.
The result of this is also shown in fig. 2 which shows that
first order is not sufficient to accurately describe the dif-
ference, but second order is. We see that for neutrinos
the expressions agree to . 0.3%, and the agreement is
∼ 3 orders of magnitude better for anti-neutrinos.
In the next section we will investigate how well the two-
flavor approximation, eq. 3, works numerically for both
the depth and position over the first oscillation minimum
for νe disappearance for all values of the neutrino energy.
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FIG. 2. The fractional difference between the two expressions
is shown in the red solid curve. The green dashed curve shows
the difference through first order, and the blue dash-dotted
curve shows the difference through second order. Note that
at zeroth order in DMP the difference is exactly zero. DMP2
is hard to see at it is on top of exact.
VI. PRECISION VERIFICATION
The goal of ∆m̂2ee is to provide the correct frequency
such that the two-flavor disappearance expression, eq. 3,
is an excellent approximation for νe disappearance over
the first oscillation in matter. In particular, we want this
expression to reproduce the position and depth of the
first oscillation minimum at high E (small L) correctly
compared to the complete three-flavor picture.
A. Numerical Comparison
Using the definition of ∆m̂2ee given in eq. 6, we plot
in fig. 3(
∆m̂2ee
∆m2ee
)2
(1− Pa(νe → νe)) verses ∆̂ee , (32)
for various values of the neutrino energy. Here Pa(νe →
νe) is evaluated using the exact oscillation probability
given in [9]. We see that this behaves like sin2 ∆̂ee as
expected, with increasing precision for increasing energy.
Note the approximate neutrino energy independence of
this figure, demonstrating the universal nature of the ap-
proximation given in eq. 3 using our definition of ∆m̂2ee.
Next, we want to check that this two-flavor expression
reproduces the first oscillation minimum at high E (small
L) correctly compared to the complete three-flavor pic-
ture. The minimum occurs when the derivate of P is
zero. We now have a choice: we can define the minimum
when dPa/dL = 0 or dPa/dE = 0. Since both θ̂ and
60 pi/2 pi 3pi/2 2pi
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FIG. 3. Here we demonstrate the validity of the two-flavor
approximation by plotting eq. 32 showing the expected si-
nusoidal dependence. Here Pa is the exact three flavor νe
disappearance probability. Note the small deviations due to
the 21 term that grow as the phase |∆̂ee| increases for small
energies.
∆m̂2ee are nontrivial functions of E, the correct option
is to use dPa/dL = 0.
In order to numerically test the various expressions,
we find the location L of the first minimum by solving
dPa/dL = 0 for a given E using the full three-flavor ex-
pressions. We then convert the (L,E) pair at the first
minimum into the corresponding ∆m̂2ee using
∆m̂2eeL
4E
=
pi
2
. (33)
Next, we compare the difference between this numeric so-
lution and the expressions presented in this paper, eqs. 4,
19, and 23. We also compare to the approximate analytic
solution from [16] (HM), see appendix C. This compari-
son is shown in fig. 4.
When determining the minimum from the exact ex-
pression, a two-flavor expression using only ∆m̂2ee will
get the ∆m231 and ∆m
2
32 terms correct including matter
effect, but will always be off by ∆m221 terms. Thus in
fig. 4 we don’t include the effect of the 21 term which
will affect any two-flavor approximation comparably.
We see that for either eq. 6 or eq. 23 the agreement
is excellent with relative error < 0.2%. In addition, the
two expressions clearly agree with each other to a higher
level of precision than is necessary. For the HM expres-
sion the agreement is good for anti-neutrinos and in the
high energy limit, but is poor in a broad range near the
atmospheric resonance for neutrinos. In addition, we
have modified the HM expression by taking the absolute
value so that the HM expression asymptotically returns
to the correct expression past the atmospheric resonance
for neutrinos.
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FIG. 4. We show the fractional error (δx/x) of various dif-
ferent ∆m̂2ee expressions with the precise numerical one de-
termined at the point where dPa/dL = 0, see eq. 33. For the
exact numerical expression we ignore the ∆m̂221 term as no
definition will get it correct. The ee curve uses the formula
from eq. 4 and the EE curve uses the formula from eq. 19.
The DMP curve uses the zeroth order expressions [10] in the
same formula which leads to the simple expression shown in
eq. 23. The HM curve uses the expression from [16] and takes
the absolute value to get the sign correct for large E, see ap-
pendix C. We have fixed ρ = 3 g/cc and assumed the NO.
E > 0 corresponds to neutrinos, E < 0 corresponds to anti-
neutrinos, and E = 0 corresponds to the vacuum.
We have also compared ∆m̂2ee with the exact solution
including the ∆m221 term and found agreement to better
than 1%.
B. Analytic Comparison
We now analytically estimate the precision of the two-
flavor expression, for both the small E (large L) limit
and the large E (small L) limit.
First, if ∆m̂221  |∆m̂2ee| then at the nth oscillation
minimum the ratio of the 21 term to the ee term is well
approximated by
∆m221
∆m2ee
[(2n− 1)pi/4]2 , (34)
as derived in appendix D. For the first (second) oscillation
peak this yields an error estimate of < 2% (16%); this
two-flavor approach breaks down for n > 5 when the
ratio is > 1.
The second case is when ∆m̂221 ' |∆m̂2ee|, which
occurs away from vacuum (high E, low L), and the ratio
of the 21 coefficient to the ee coefficient is
c4
1̂3
sin2 2θ̂12
sin2 2θ̂13
=
|Ûe1|2|Ûe2|2
|Ûe3|2(1− |Ûe3|2)
, (35)
7which is small away from vacuum as desired. In particu-
lar, it is < 1 for |E| > 1 GeV. See appendix D for details
and numerical confirmation of each region.
VII. CONCLUSIONS
In this paper, we have demonstrated that
∆m̂2ee ≡ m̂23 − (m̂21 + m̂22)
− [m23 − (m21 +m22)] + ∆m2ee (36)
≈ ∆m2ee
√
(cos 2θ13 − a/∆m2ee)2 + sin2 2θ13 ,
is the matter generalization of vacuum ∆m2ee that has
been widely used by the short baseline reactor experi-
ments Daya Bay and RENO and will be precisely mea-
sured (< 1%) in the medium baseline JUNO experiment.
The exact and approximate expressions in the above
equation differ by no more than 0.06%. Another nat-
ural choice called ∆m̂2EE is numerically very close to
∆m̂2ee but does not provide the ability to simply rewrite
the eigenvalues as ∆m̂2ee does.
For νe disappearance in matter the position of the first
oscillation minimum, for fixed neutrino energy E, is given
by
L =
2piE
∆m̂2ee
, (37)
and the depth of the minimum is controlled by
sin2 2θ̂13 ≈ sin2 2θ13
(
∆m2ee
∆m̂2ee
)2
, (38)
≈ sin
2 2θ13
(cos2 2θ13 − a/∆m2ee)2 + sin2 2θ13
.
This two-flavor approximate expression is not only simple
and compact, but it is precise to within < 1% precision
at the first oscillation minimum8.
The combination of ∆m̂2ee and ∆m̂221 is very powerful
for understanding the effects of matter on the eigenvalues
and the mixing angles of the neutrinos. In this article we
have illuminated the exact nature of ∆m̂2ee and ∆m̂221
which were extensively used in DMP [10, 12].
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Appendix A: Exact Eigenvalues
From [9] the exact eigenvalues in matter are m̂2i/2E
where the m̂2i are
m̂21 =
w
3
− 1
3
z
√
w2 − 3x− 1√
3
√
1− z2
√
w2 − 3x ,
m̂22 =
w
3
− 1
3
z
√
w2 − 3x+ 1√
3
√
1− z2
√
w2 − 3x ,
m̂23 =
w
3
+
2
3
z
√
w2 − 3x , (A1)
where
w = ∆m221 + ∆m
2
31 + a ,
x = ∆m231∆m
2
21 + a
[
∆m231c
2
13 + ∆m
2
21(c
2
13c
2
12 + s
2
13)
]
,
y = a∆m231∆m
2
21c
2
31c
2
12 ,
z = cos
{
1
3
cos−1
[
2w3 − 9wx+ 27y
2(w2 − 3x)3/2
]}
. (A2)
Therefore,
∆m̂2ee =
4
3
z
√
w2 − 3x− w
3
+ ∆m221c
2
12 ,
∆m̂221 =
2√
3
√
1− z2
√
w2 − 3x . (A3)
Using eq. A3 in eq. A1 reproduces eq. 12, as a cross check.
Appendix B: DMP Approximate Expression
Here we review the approximate expressions for the
mixing angles and eigenvalues derived in [10]. The result
of the 13 rotation yields
∆m˜2ee = ∆m
2
ee
√
(cos 2θ13 − a/∆m2ee)2 + sin2 2θ13 ,
(B1)
cos 2θ˜13 =
∆m2ee cos 2θ13 − a
∆m˜2ee
. (B2)
8The 21 rotation yields
∆m˜221 = ∆m
2
21
[
(cos 2θ12 − a12/∆m221)2
+ cos2(θ˜13 − θ13) sin2 2θ12
]1/2
, (B3)
cos 2θ˜12 =
∆m221 cos 2θ12 − a˜12
∆m˜221
, (B4)
where we similarly define a˜12 ≡ (a+ ∆m2ee −∆m˜2ee)/2.
Finally, from eqs. B1 and B3 it is straightforward to show
that
∆m˜231 = ∆m
2
31 +
1
4
a+
1
2
(∆m˜221 −∆m221)
+
3
4
(∆m˜2ee −∆m2ee) . (B5)
The remaining two oscillation parameters, θ˜23 = θ23 and
δ˜ = δ, remain unchanged in this approximation. We note
that for each parameter above x˜ provides an excellent
approximation for x̂.
We also note two additional useful expressions,
sin 2θ˜13 = sin 2θ13
(
∆m2ee
∆m˜2ee
)
, (B6)
sin 2θ˜12 = cos(θ˜12 − θ12) sin 2θ12
(
∆m221
∆m˜221
)
. (B7)
Appendix C: Alternate Expression
An alternate approximate expression was previously
provided in [16], the expression from that paper is
∆m˜2ee,HM = (1− rA)∆m2ee
+ rA
(
2s213
1− rA∆m
2
31 − s212∆m221
)
, (C1)
where rA ≡ a/∆m231. This expression clearly has a pole
at a = ∆m231 which is the atmospheric resonance for
neutrinos. In addition, past the resonance, for a > ∆m231,
the sign is incorrect as ∆m˜2ee,HM < 0 for the NO. Thus
we take the absolute value in our numerical studies.
In fig. 2 of [16], the author compared eq. C1 with the
minimum obtained via solving dPa/dE = 0 whereas we
have argued in section VI that a better comparison is
obtained by solving dPa/dL = 0 for fixed E.
Appendix D: Precision in Different Ranges
In this appendix we further expand upon the discussion
in subsection VI B.
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FIG. 5. The error of the two-flavor approximation (P2 from
eq. 3) compared to the full three-flavor expression (P3 from
eq. 17) in matter is shown in the solid curves for the first
several oscillation minima. The dashed lines are the simple
approximation from eq. 34. As expected eq. 34 performs well
near vacuum at |E| . few GeV.
The exact three-flavor expression in matter from eq. 17
can be written as,
1− Pa = sin2 2θ13
(
∆m2ee
∆m̂2ee
)2
sin2 ∆̂ee
+ C(E)c4
1̂3
sin2 2θ̂12 sin
2 ∆̂21 , (D1)
where C(E) ' 1 contains the correction between the
first and second term. For the two-flavor approxima-
tion to be valid, the 21 term, C(E)c4
1̂3
sin2 2θ̂12 sin
2 ∆̂21
must be small compared to the two-flavor ee term,
sin2 2θ̂13 sin
2 ∆̂ee. As in section VI B, we consider two
cases.
First, if ∆m̂221  |∆m̂2ee| then at the nth oscillation
minimum the ratio R1 of the 21 term to the ee term is
R1 =
C(E)c4
1̂3
sin2 2θ̂12 sin
2 ∆̂21
sin2 2θ̂13
≈ ∆m
2
21
∆m2ee
[(2n− 1)pi/2]2
[
C(E)c4
1̂3
c2
(θ̂13−θ13)
sin2 ∆21
∆221
]
,
where the approximation uses the DMP zeorth order ex-
pression, the θ̂13 ≈ θ˜13 approximation of eq. B6, and
s213 ≈ ∆m221/∆m2ee. The C(E) term contains the effect
of combining the ∆̂31 and ∆̂32 terms and is just under
one within a few GeV of the vacuum. Since all of the
terms in the right square bracket are < 1,
R1 ≈ ∆m
2
21
∆m2ee
[(2n− 1)pi/4]2 . (D2)
We numerically confirmed that eq. 34 is correct to within
∼ 10% near vacuum as shown in fig. 5.
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FIG. 6. An approximation of the size of the 21 term (numer-
ator in blue, denominator in green) away from vacuum. For
|E| & 5 GeV we see that R2  1. See eq. 35 in the text. We
also show the ratio of the mass squared differences in matter
in red.
The second case is when ∆m̂221 ' |∆m̂2ee|, which
occurs away from vacuum. In this case we compare the
ratio R2 of the coefficients which is
R2 =
c4
1̂3
sin2 2θ̂12
sin2 2θ̂13
=
|Ûe1|2|Ûe2|2
|Ûe3|2(1− |Ûe3|2)
. (D3)
Away from vacuum, θ̂12 ' pi/2 (0) for neutrinos (anti-
neutrinos) (see e.g. fig. 1 of [10]) which makes the
numerator of R2 very small. The remaining part is
1/(4 tan2 θ̂13). This part is large only when θ̂13 → 0.
Since θ̂12 → 0 faster than θ̂13, we always have R2  1 as
desired. See fig. 6 for a numerical verification that R2 is
small away from the vacuum.
[1] Y. Fukuda et al. (Super-Kamiokande), Phys. Rev. Lett.
81, 1562 (1998), arXiv:hep-ex/9807003 [hep-ex].
[2] Q. R. Ahmad et al. (SNO), Phys. Rev. Lett. 89, 011301
(2002), arXiv:nucl-ex/0204008 [nucl-ex].
[3] H. Nunokawa, S. J. Parke, and R. Zukanovich Funchal,
Phys. Rev. D72, 013009 (2005), arXiv:hep-ph/0503283
[hep-ph].
[4] F. P. An et al. (Daya Bay), Phys. Rev. D95, 072006
(2017), arXiv:1610.04802 [hep-ex].
[5] J. H. Choi et al. (RENO), Phys. Rev. Lett. 116, 211801
(2016), arXiv:1511.05849 [hep-ex].
[6] F. An et al. (JUNO), J. Phys. G43, 030401 (2016),
arXiv:1507.05613 [physics.ins-det].
[7] L. Wolfenstein, Phys. Rev. D17, 2369 (1978),
[,294(1977)].
[8] C. Albright et al., (2000), arXiv:hep-ex/0008064 [hep-
ex].
[9] H. W. Zaglauer and K. H. Schwarzer, Z. Phys. C40, 273
(1988).
[10] P. B. Denton, H. Minakata, and S. J. Parke, JHEP 06,
051 (2016), arXiv:1604.08167 [hep-ph].
[11] H. Minakata and S. J. Parke, JHEP 01, 180 (2016),
arXiv:1505.01826 [hep-ph].
[12] P. B. Denton and S. J. Parke, JHEP 06, 109 (2018),
arXiv:1801.06514 [hep-ph].
[13] H. Minakata, H. Nunokawa, S. J. Parke, and
R. Zukanovich Funchal, Phys. Rev. D76, 053004 (2007),
[Erratum: Phys. Rev.D76,079901(2007)], arXiv:hep-
ph/0701151 [hep-ph].
[14] P. B. Denton, S. J. Parke, and X. Zhang, Phys. Rev.
D98, 033001 (2018), arXiv:1806.01277 [hep-ph].
[15] S. Parke, Phys. Rev. D93, 053008 (2016),
arXiv:1601.07464 [hep-ph].
[16] H. Minakata, JHEP 05, 043 (2017), arXiv:1702.03332
[hep-ph].
